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Abstract
Vector inflation is a newly established model where inflation is driven by non-
minimally coupled massive vector fields with a potential term. This model is similar
to the model of chaotic inflation with scalar fields, except that for vector fields the
isotropy of expansion is achieved either by considering a triplet of orthogonal vector
fields or N randomly oriented independent vector fields. We introduce a new version
of vector inflation where the vector field has no potential term but is non-minimally
coupled to gravity through the kinetic term. The non-minimal coupling is established
by introducing the Einstein tensor besides the metric tensor within the kinetic term of
the vector field.
1 Introduction
Inflationary cosmology is a well known scenario to remedy the problems of standard cosmol-
ogy [1, 2]. This scenario can also reproduce, in a very successful way, the current cosmological
data through the ΛCDM model [3]. The most important feature of inflation is the existence
of a scalar field which is subjected to the slow-roll regime, where the kinetic term of the
scalar field remains sufficiently small compared to its potential term. The universe under-
goes an inflationary stage of expansion in the slow-roll regime, and when the kinetic term
becomes comparable to its potential term the inflation is finished. In general, inflationary
models benefit of single or multi-scalar field theories. However, in recent years a considerable
amount of works have been focused to model the inflationary scenario for vector fields [4].
On the other hand, in order to justify the current acceleration of the universe, the kinetic
coupled gravity theories have been received specific attention [8, 9, 10, 11]. In these theories,
a non-minimal coupling in the kinetic term of the dynamical fields is responsible for the
physics of acceleration. In recent works, new models of scalar field and gauge field inflation
in the context of kinetic coupled gravity are introduced by the authors [12]. In the present
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work, we generalize the scalar field inflation to vector field inflation in the context of kinetic
coupled gravity. In this regard, we combine the model of vector inflation with the idea of
kinetic coupled gravity. In doing so, we remove the potential term of the vector field in
vector inflation models [4] and replace the kinetic term of the vector field minimally coupled
to gravity by a kinetic term which is non-minimally coupled to gravity. The non-minimal
coupling is set up by considering the Einstein tensor besides the metric tensor within the
kinetic term, which is called kinetic coupled gravity.
2 Vector Inflation
In this section, we briefly introduce the idea of vector inflation [4]. Consider the action of a
massive vector field non-minimally coupled to gravity 1
S =
∫
dx4
√−g
(
−R
2
− 1
4
FµνF
µν +
1
2
(
m2 +
R
6
)
AµA
µ
)
, (2.1)
where Fµν ≡ ▽µAν − ▽νAµ = ∂µAν − ∂νAµ. Variation of the action with respect to Aµ
yields the equations of motion
1√−g
∂
∂xµ
(√−gF µν)+ (m2 + R
6
)
Aν = 0. (2.2)
Using the spatially flat (k = 1) Friedmann-Robertson-Walker (FRW) metric
ds2 = −dt2 + a2(t)δijdxidxj , (2.3)
the equations (2.2) take the following form
1
a2
∆A0 −
(
m2 +
R
6
)
A0 − 1
a2
∂iA˙i = 0, (2.4)
A¨i +
a˙
a
A˙i − 1
a2
∆Ai +
(
m2 +
R
6
)
Ai − ∂iA˙0 − a˙
a
∂iA0 +
1
a2
∂i (∂kAk) = 0, (2.5)
where ∂i ≡ ∂/∂xi, and a dot denotes derivative with respect to the cosmic time t. One may
define a scalar which is rotation invariant
I = AαAα = A
2
0 −
1
a2
AiAi, (2.6)
and introduce a new variable Bi = Ai/a. If we consider the quasi-homogeneous vector field
(∂iAα = 0) we immediately find from (2.4) that
A0 = 0, (2.7)
and equation (2.5) becomes
B¨i + 3HB˙i +m
2Bi = 0, (2.8)
18πG = 1.
2
where H ≡ a˙/a is the Hubble parameter. It turns out that when H is larger than the mass m
the fields Bi are frozen. Therefore, the potential −m2AµAµ = m2BiBi ≈ const is expected
to drive a quasi de Sitter expansion analogous to the scalar field. The components of energy-
momentum tensor for the homogeneous vector field Bi in the flat Friedmann universe are
obtained as
T 00 =
1
2
(
B˙2k +m
2B2k
)
, (2.9)
T ij =
[
−5
6
(
B˙2k −m2B2k
)
− 2
3
HB˙kBk − 1
3
(
H˙ + 3H2
)
B2k
]
δij
+B˙iB˙j +H
(
B˙iBj + B˙jBi
)
+
(
H˙ + 3H2 −m2
)
BiBj . (2.10)
The spatial part of the energy-momentum tensor contains off-diagonal components with
the same order of magnitude as the diagonal components and so the isotropic FRW metric
coupled to the homogeneous vector field does not satisfy the Einstein equations.
To remedy this problem, one way is to consider a triplet of mutually orthogonal vector
fields B
(a)
i [16], each with the same magnitude |B|, as∑
i
B
(a)
i B
(b)
i = |B|2 δab , (2.11)
from which one obtains ∑
a
B
(a)
i B
(a)
j = |B|2 δij. (2.12)
Using these relations one finds from (2.9) and (2.10) that
T 00 = ǫ =
3
2
(
B˙2k +m
2B2k
)
, (2.13)
T ij = −pδij = −
3
2
(
B˙2k −m2B2k
)
δij , (2.14)
where Bk satisfy (2.8) and H is given by
H2 = 4π
(
B˙2k +m
2B2k
)
. (2.15)
These equations are exactly the same as those of massive scalar field in scalar field inflation
[1]. Moreover, for |B| > 1 we have the slow-roll approximation (B˙2k ≪ m2B2k) for which
p ≈ −ǫ and the universe undergoes inflation. The inflation is ended once the value of |B|
decreases towards the Planck value.
Another way to remedy the problem of isotropy is to consider a large (N) number of
randomly oriented independent non-interacting vector fields with equal masses m and equal
magnitudes B. The spatial components of these vector fields satisfy (2.8) and their total
contribution to the time-time component T 00 is estimated as
T 00 = ε ≃
N
2
(
B˙2k +m
2B2k
)
. (2.16)
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In the estimation of spatial components of the energy-momentum tensor one finds that
during inflation typical values of the off-diagonal spatial components are of order H2
√
NB2.
Therefore, the isotropic inflation becomes possible only if these components are smaller than
T ii ∼ T 00 ∼ H2, namely for B < 1/N1/4. The slow roll regime is valid only if the effective
friction in (2.8), exceeds their mass m, hence inflation is ended when the slow roll regime is
over at H ≃ m. Considering the point that during the inflationary stage
H2 =
8π
3
ǫ ≃ 4π
3
Nm2B2, (2.17)
one finds that when the field B drops to 1/N1/2 it starts to oscillate and so the inflation is
really finished. Therefore, provided that 1√
N
< B < 14√N , the isotropic inflation by vector
fields may take place as
af ≃ ai exp
(
2πNB2in
)
,
where Bin is the initial value of vector fields.
3 Vector Inflation by nonminimal coupling to gravity
Let us consider the action of an Abelian gauge field Aµ which is nonminimally coupled to
gravity as
S =
∫
d4x
√−g
[
−R
2
− 1
4
(κgρµ + αGρµ)(κgνλ + αGνλ)FρλFµν
]
, (3.1)
where Fµν is the field strength tensor defined by
Fµν = ∂µAν − ∂νAµ, (3.2)
and gµν is the metric tensor, Gµν is the Einstein tensor and κ > 0, α < 0 are constant
parameters. This action is different from (2.1) in two aspects:
i) there is no potential term containing AµA
µ,
ii) the kinetic term is nonminimally coupled to gravity.
The introduction of Einstein tensor in the kinetic term of gauge field is motivated by the
recently proposed idea of inflation from kinetic coupled gravity where the potential term is
removed in favor of a nonminimal coupling in the kinetic term [12]. We work in the temporal
gauge A0 = 0 and in order to respect for the homogeneity we just allow for t dependent field
configurations A(t). Moreover, considering the discussion in the previous section, and in
order to respect for the isotropy, we may take a triplet of mutually orthogonal vector fields
Aa (a = 1, 2, 3), or consider a large number of randomly oriented vector fields Aa (a = 1..N),
each with the same magnitude |φ(t)| [4].
The energy momentum tensor is obtained by variation of the action (3.1) with respect
to the metric gµν as follows
Tαβ = {F µαFµβ −
1
4
gαβFµνF
µν}
+
ακ
4
{gαβgρµGνλFρλFµν − 2GρµFρβFµα + g˜αβR + g˜λν g˜λνRαβ
+ F (φ)gαβ −∇α∇βF (φ)− 4g˜λβRλα}, (3.3)
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where F (φ) = −6( φ˙2
a2
) and g˜λν = g
ρµFaρλF
a
µν . Note that, we have ignored the terms contain-
ing α2 by assuming α to be small. This assumption is based on the reasonable hypothesis
that an important contribution of Einstein tensor in the kinetic term of the vector field is
limited to the early universe in order to set up an inflationary era. In explicit words, we
expect that αGµν in the kinetic term of the vector field is important only in the early uni-
verse where the scale factor is very small and H is large enough to trigger the inflation. The
presence of small coefficient α can help to achieve this goal, such that after the inflation is
finished the term αGµν becomes completely ignorable.
For simplicity, we take FRW background metric (2.3), and consider a triplet of vector
fields Aa. Then, we may cast the above energy-momentum tensor in the form of a homoge-
nous perfect fluid
T µν = diag(ρ, p, p, p) ,
where
ρ =
3κ
2
(
φ˙2
a2
) +
ακ
4
[
−3( φ˙
2
a2
)(
2H˙ + 3H2
a2
) + 9H2(
φ˙2
a2
)− 3( φ˙
2
a2
)R + 6(
φ˙2
a2
)R00
]
, (3.4)
p =
κ
2
(
φ˙2
a2
) +
ακ
4
[
3(
φ˙2
a2
)(
2H˙ + 3H2
a2
)− 9H2( φ˙
2
a2
)− 3( φ˙
2
a2
)R + 6(
φ˙2
a2
)Rii − F¨ (φ)
]
, (3.5)
and
R = 6[H˙ + 2H2], R00 = 3[H˙ +H
2], Rii = [H˙ + 3H
2]. (3.6)
We may divide ρ and p in the following way
ρ = ρ
A
+ ρα , p = pA + pα, (3.7)
where
ρ
A
=
3κ
2
(
φ˙2
a2
), p
A
=
κ
2
(
φ˙2
a2
), (3.8)
ρα =
ακ
4
[
−3( φ˙
2
a2
)(
2H˙ + 3H2
a2
) + 9H2(
φ˙2
a2
)− 3( φ˙
2
a2
)R + 6(
φ˙2
a2
)R00
]
, (3.9)
pα =
ακ
4
[
3(
φ˙2
a2
)(
2H˙ + 3H2
a2
)− 9H2( φ˙
2
a2
)− 3( φ˙
2
a2
)R + 6(
φ˙2
a2
)Rii − F¨ (φ)
]
. (3.10)
The Friedmann equations are obtained as
3H2 = ρ = (ρ
A
+ ρα), (3.11)
2H˙ + 3H2 = −p = −(p
A
+ pα) .
In order to obtain a successful inflationary model we assume that the effective pressure
corresponding to the Einstein tensor in the kinetic term is negative as pα = −ρα. This gives
the equation
d2x
dt2
− 1
3
(H˙ + 3H2)x = 0, (3.12)
5
where
x =
φ˙2
a2
. (3.13)
Using this equation of state, the Friedmann equations give rise to
3H2 = ρ = (
3κ
2
− ακ
4
C)x, (3.14)
H˙ = −κx, (3.15)
where
C = 3(
2H˙ + 3H2
a2
+ 3H2). (3.16)
By using Eq.(3.15), we obtain
d
dt
(
3κ
2
− ακ
4
C)x+ 6κHx = 0.
(3.17)
We define the slow-roll parameters
ε ≡ − H˙
H2
=
3
2
ρ+ p
ρ
, η = ε− ε˙
2Hε
, (3.18)
subject to ε, η ≪ 1. Using the Friedmann equations (3.11), we obtain
ε =
2ρ
A
ρ
A
+ ρα
. (3.19)
The slow-roll regime is achieved provided that ρα ≫ ρA . This is consistent, by considering
Eqs.(3.8), (3.9), with large value of H and small value of the scale factor (about the Planck
length ℓP ) at the beginning of inflation, such that the first term containing α(
2H˙+3H2
a2
) in
(3.9) becomes very large and results in ρα ≫ ρA2. Since φ(t) by itself is not a scalar under
the general coordinate transformations, we define a scalar over FRW background as
ψ(t) =
φ(t)
a(t)
. (3.20)
Moreover, we define
δ ≡ − ψ˙
Hψ
, (3.21)
2Even, if we assume α ∼ ℓ2
P
, the combination α(2H˙+3H
2
a2
) ∼ (2H˙ + 3H2) is large enough to validate
ρα ≫ ρA , because of the assumed large value of H .
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where δ is related to ε and η through the equations
ε = 2 +
ακ
6
ψ2C, (3.22)
η = ε− ε− 2
2ε
[
+
C˙
HC
− 2δ
H
− 2δ˙
H(1− δ)
]
, (3.23)
and
C˙
HC
≈ ε2 ≈ 0, (3.24)
The slow-roll regime requires ε˙ ∼ Hε2 and η ∼ ε, so we should demand that δ ∼ ε2.
Explicitly, the equations (3.14), (3.15), (3.22) and (3.23) admit the solutions
ε ≃ 3κψ2, (3.25)
δ =
ε
2
(ε− η) + 1
2H
C˙
C
, (3.26)
where ≃ means equality to first order in slow-roll parameter ε. Also, by using Eqs. (3.20),
(3.13), (3.14), (3.21) and (3.25) we get
C =
4
3α
(
3
2
− 9
ε
) ≈ −12
αε
, (3.27)
which has a very large positive value because of small values of α < 0 and ε > 0. The
conservation equation is
ρ˙+ 3H(ρ+ p) = 0, (3.28)
or
H
dx
dt
+
3
2
H
κ
x = 0, (3.29)
where we have used equations (3.12), (3.17) and (3.27). So, we have
3H2 = (
3κ
2
− ακ
4
C)(
φ˙
a
)2, (3.30)
H˙ = −κ( φ˙
a
)2, (3.31)
φ¨+ (H +
3
4ε
)φ˙ = 0. (3.32)
Note that, according to (3.16) and (3.27), a large value for C is consistent with a large value
of H and a small value of ε. Moreover, (3.30) gives the following equation in the slow-roll
regime
H2 = −ακ
12
C(
φ˙
a
)2. (3.33)
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Using (3.27), (3.31), and (3.33) we obtain
H˙ ≈ −εH2, (3.34)
which confirms H ≈ const in the slow-roll regime and gives rise to the inflationary behaviour
a = a0e
Ht, (3.35)
and
q(H) = −(1 + H˙
H2
) = −(1− ε) ≈ −1. (3.36)
Using (3.32), the scalar field as a function of time behaves in the following form
φ(t) = c1 + c2 exp
[
−( 3
4ε
+H)t
]
, (3.37)
where c1 and c2 are constants of integration. By taking c1 = 0 and c2 = φ0 we have
φ(t) = φ0 exp
[
−( 3
4ε
+H)t
]
. (3.38)
The inflation is finished if ρα ≤ ρA. In fact, considering (3.9), we find that all the terms in
the definition of ρα have a
2 or a4 in the denominator and some terms are proportional to
H2. Hence, considering the fact that towards the end of inflation the scale factor expands
inflationary andH2 becomes small through (3.33), these terms become negligible in a fraction
of a second and lead to an small ρα compared to ρA.
4 Conclusion
In this paper, we have combined two recently proposed ideas of vector inflation and kinetic
coupled gravity. Vector inflation can give either a completely isotropic universe using or-
thogonal triplet of vector fields, or slightly anisotropic universe using N randomly oriented
independent vector fields. Kinetic coupled gravity, on the other hand, has been introduced
mainly to account for the current acceleration of the universe. The non-minimal kinetic
coupled gravity is established by introducing the Einstein tensor besides the metric tensor
within the kinetic term of the dynamical field. By combining these two interesting ideas, we
have obtained an inflationary model based on a vector field without a potential term but with
a kinetic term which is non-minimally coupled to gravity. We have just concentrated on the
orthogonal triplet of vector fields, to recover the full isotropy. It seems the investigation on
the N randomly oriented vector fields here, literally repeats almost the similar calculations
for N randomly oriented vector fields in [4].
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